Abstract. The objective of this work is to understand if and how the characteristics of relativistic MHD turbulence may differ from those of nonrelativistic MHD turbulence. We accomplish this by studying the invariants in the relativistic case and comparing them to what we know of nonrelativistic turbulence. Although much work has been done to understand the dynamics of nonrelativistic systems (mostly for ideal incompressible fluids), there is minimal literature explicitly describing the dynamics of relativistic MHD turbulence. Many authors simply assume that relativistic turbulence has the same invariants and obeys the same inverse energy cascade as non-relativistic systems.
Introduction
Many studies in numerical relativity and high-energy astrophysics depend on the dynamics of relativistic plasmas. These include phenomenon such as primordial turbulence, neutron stars, active galactic nuclei, and accretion disks near black holes [1, 2, 4, 7, 9, 17, 22, 23] . Unfortunately, we do not know if the results of these studies are accurate because of approximations such as the use of non-relativistic fluid dynamics and the lack of a standard model to describe the dynamics of relativistic turbulence. In particular, very little is understood about the turbulent dynamics of a relativistic plasma or its effect on the evolution of magnetic fields. This can only effectively be studied through direct numerical simulation of the relativistic fluid.
In the following report we will first discuss what is currently known about the dynamics of nonrelativistic MHD systems. We introduce the standard nonrelativistic MHD evolution equations as well as the known invariants for the system. In section 3, we will introduce the relativistic MHD equations and the relativistic equivalents of the non-relativistic MHD invariants. We then present our results for a relativistic MHD code working in both a low energy (nonrelativistic) and high-energy (relativistic) regime. We conclude by discussing the similarities and differences between the two different systems.
Standard Nonrelativistic MHD
Work by Shebalin [19, 20] , on homogeneous MHD turbulence best demonstrates how the dynamics of a magnetofluid can differ from that of a hydrodynamic fluid. Plasma can be accurately modeled as a fluid made up of charged particles that are therefore affected by magnetic fields as well as particle-particle interactions. Because of this, the magnetic field becomes a dynamic variable in addition to density, pressure and the velocity of particles. For example, In MHD turbulence, an equipartition occurs and we expect kinetic and magnetic energy fluctuations to become roughly equal. Shebalin modeled the magnetofluid as a homogenous system where the same statistics are considered valid everywhere in the computational domain. He utilized periodic boundary conditions and spectral methods in order to study how the dynamics of different scales interacted without the addition of boundary errors. Much of his work focused on an ideal MHD system, where the magnetic and fluid dissipation terms were excluded. Below are the evolution equations used by Shebalin to describe the non-compressible MHD system.
By varying the mean magnetic field (B 0 ) and angular velocity (Ω 0 ) of the system, Shebalin was able to define five different cases with different invariants as shown in Table 1 . In such a system there could be as many as 3 invariants; energy (E), and the psuedoscalars cross helicity (H C ) and magnetic helicity (H M ). In addition, the invariant parallel helicity,
, can be formed from a linear combination of cross and magnetic helicity. In a hydrodynamic fluid the ideal invariants are only energy and kinetic helicity.
For an incompressible fluid u(k,t) is the Fourier coefficient of turbulent velocity and b(k,t) is the Fourier coefficient of the turbulent magnetic field. The energy, cross helicity and magnetic helicity can be expressed in terms of these as:
This is assuming a cubic computational domain with N grid points in each direction. The statistical mechanics of the system is defined by the Gaussian canonical probability density function (PDF):
Where Z is the partition function and dΓ is the phase space volume.Φ shows how to calculate the ensemble averages using the PDF whileΦ is the time average. IfΦ =Φ, the system is said to be ergodic but ifΦ =Φ, it is non-ergodic. Here α, β and γ are inverse temperatures. The ensemble average magnetic energy (Ê M ) is always greater than or equal to ensemble average kinetic energy (Ê K ), and the inverse temperature terms can be found as a function ofÊ M = φ.
Phase portraits resulting from computer simulations of Shebalin ′ s five cases show that coherent structures formed in many systems where the magnetofluid was experiencing turbulence [19, 20] . Coherent structure occurs when time-averaged physical variables in MHD turbulence have large mean values, rather than the zero mean values expected from theoretical ensemble predictions. MHD turbulence thus has broken ergodicity, which can be explained by finding the eigenmodes of the system. One out of the four eigenvalues associated with each of the lowest wavenumbers will be very much smaller than the others; the eigenvariables associated with these very small eigenvalues grow to have very large energies compared to other eigenvariables; when this happens, an almost force-free state occurs in which large-energy eigenmodes are quasistationary while low-energy eigenmodes remain turbulent; thus, the predicted ergodicity has been dynamically broken. This is observed to occur even in dissipative systems because broken ergodicity in MHD turbulence manifests itself at the smallest wavenumbers (largest length scales) where dissipation is negligible, resulting in the Kolmogorov spectrum. In the case of ideal hydrodynamic turbulence, broken ergodicity can occur in a finite model system, but only at the largest wavenumbers (smallest scales). When dissipation is added, the large wavenumber modes are most affected and their energy quickly decays away, so that broken ergodicity plays no role in decaying hydrodynamic turbulence.
In a compressible MHD system; Energy, Cross Helicity, Magnetic Helicity and therefore Parallel Helicity should all be conserved. Given that our relativistic system is by default a compressible system, we expect to see that this is true for the relativistic system as well. The equations for ideal compressible MHD are similar to the incompressible equations with the exception of the first equation.
Relativistic MHD Systems
The fluid and electromagnetic fields of the GRMHD equations are developed from several well-known equations [6] . They include the conservation of particle number, the continuity equation, the conservation of energy-momentum, the magnetic constraint equation and the magnetic induction equation. A system consisting of a perfect fluid and an electromagnetic field, the ideal MHD stress-energy tensor is given by
Here, P is the fluid pressure, ρ 0 is density, B i is magnetic field, u µ is four-velocity, h is the enthalpy, ǫ is specific internal energy, and b 2 is the magnitude of the magnetic vector field squared. The evolution equations where given by Duez as [?]:
Here, ρ * is conserved mass density,τ relates to energy density,S i is momentum density,B is related to the magnetic field and s is the source term. α is a lapse term related to the time evolution of the simulation. Notice that unlike the non relativistic system, we use the stress-energy tensor within the evolution equations so that 4-momentum conservation is built into the system. This results in a set of equations that look very different from that of the non relativistic system. We also had to modify the invariants studied in the non relativistic system as shown below.
(25)
Here we also listed Four Momentum, P 4 as an invariant and modified Cross Helicity to include relativistic mass increases. These are similar to the invariants used by Yokoi [?] . This all results in a system which may look different but should represent the same physics.
Results
The objective of this study is to test the relativistic MHD system in the "low-energy" regime in order to see if it can reproduce the accepted results from non-relativistic ideal turbulent MHD studies. After that, we ran the codes in the "high-energy" regime in order to see if the dynamics are the same as a non-relativistic plasma. Below is a matrix of the test runs. Each data run utilized 4th order finite differencing on a grid with 64 x 64 x 64 internal data points. We ran these simulations for over 33,000 iterations to determine if certain variables were invariant.
Discussion
Our results show that in the low-energy regime: Energy, Cross Helicity, Magnetic Helicity and Parallel Helicity are all clearly conserved as expected. For the high-energy case, 4-Momentum, Cross Helicity, Magnetic Helicity and Parallel Helicity also appear to be conserved. Final variations in all cases, were found to be smaller than 10 −10 of the total value so we can safely dismiss any changes in the conserved quantities as a result of numerical errors. In conclusion, we find that relativistic MHD turbulence has the same invariants as similar non relativistic systems. 
